We discuss discrete symmetries in several string compactification schemes. The same constraints on the light spectra as for Gepner models [1] are found in various cases for non-R symmetries. The analogous constraints for R symmetries are also established. Therefore it seems natural to conjecture that they always apply.
In a previous paper we found constraints on the light spectra of string compactifications using N = 2 minimal superconformal models (Gepner models). These constraints are very similar to those that were found for discrete gauge symmetries in field theories [2] . Here we want to discuss the results of [1] in more detail, especially in comparison to the field theory result.
Furthermore we find the same constraints fulfilled for phenomenologically interesting models in other compactification schemes as for Gepner models. In particular we will discuss implications for Calabi-Yau, orbifold and fermionic string constructions. We also extend our consideration of non-R symmetries to R symmetries along the lines of [14] and find the analogous constraints fulfilled.
To start with we discuss the discrete symmetries in Gepner models in some more detail.
The Gepner models in D = 4 space-time dimensions are heterotic string models in which compactification is achieved by tensoring N = 2 minimal superconformal models to form an internal sector of the theory in such a way that conformal anomaly cancellation is achieved and a N = 1 space-time supersymmetric, modular invariant theory with correct spin-statistics is generated [9] . These models are characterized by their level k i and their type according to the ADE-classification scheme [6] . They have conformal anomaly
The states of the theory are formed from tensor products of the primary fields Φ l;l q,s;q,s associated with each factor. The conformal dimensions and U(1)-charges of these fields are given by
The heterotic string theory then possesses in general a gauge symmetry G ⊗ E ′ 8 ⊗ U(1) r−1 , where G denotes an embedding only into E 6 , which we assume for the moment.
For the left moving part of the string the U(1) gauge group of each tensor factor i contains a discrete subgroup of non-R symmetries
where n is the number of fields appearing in the correlation function [8] . Usually one splits them apart by writing as a
The right moving part of the string has aZ k i +2 ⊗Z 2 symmetry which is generically a R symmetry
and follows from the selection rules for non-vanishing correlation functions involving n fields which come from the parafermionic nature of the primary fields [7] . Here d J i describes the Vertex operators in the (0) picture. We adopt the convention that the quantum numbers q, s refer to the fields in the (−1) picture and theq,s refer to the appropriate choice of representation leading to a gauge invariant correlation function. In the case of A, D odd , E 6 modular invariants the diagonal sum and difference of eqs (5) and (7) is a
symmetry and that for (6) and (8) 
For D even , E 7 , E 8 modular invariants the diagonal sum and differences constitute only a
But the Gepner construction realizes only a subgroup nontrivially. As explained in [12] and below one gets a non-R symmetry
whereÑ denotes the smallest common multiple of all N i and we wrote the permutational symmetries in brackets (which will not be discussed any further). The R symmetry
describes if states are in the Ramond or Neveu-Schwarz sector. But we should comment that the nature of the correlation functions is such that there are many further stringy symmetries. This implies that fields have only relative quantum numbers and not absolute ones. Therefore symmetries exist that can not be associated to symmetries in a low energy field theory, but still restrict couplings 1 . The diagonal sum of charges divided by 2 are the socalled Gepner charges defined for the 10 scalar representation. This is the symmetry that is found in Calabi-Yau constructions associated to superconformal theories.
In the following let us start with a study of theq ′ , q,q, s,s charges and then apply the result to the linear combinations (of left and right moving charges). Theq ′ charges fulfill the relations i to iv of [2] for spontaneously broken Abelian gauge symmetries immediately, since the Z 2(k i +2) or Z k i +2 symmetry is a subgroup of the U(1)s, which are anomaly free. Furthermore the term due to Majorana masses is lacking. This is obviously independent from the specific basis choosen for the charges. To deduce the relations for the symmetries of theq charges we may choose an arbitrary basis and use again the connection of these symmetries with the U (1) r gauge symmetries of the Gepner construction. The latter are all anomaly free and so the (M) massless states of the theory satisfy the mixed U(1) gravitational anomaly cancellation conditions implying immediately i) The mixed Z N -G-G gravitational anomaly conditions
where η q =1,0 for N even, odd. Following alone from the fact that M J=1q i has to be an integer. Using the same arguments it is now straightforward to derive the remaining anomaly cancellation conditions for the discrete symmetries in the same basis as above:
where
The last terms are in general different from the result of [2] , since they do not vanish automatically if one of the discrete groups is odd. In [2] the reason being no Majorana mass terms for odd groups, which has no correspondence on the charge level. We should stress that in contrary to [2] the size of the discrete groups are fixed due to the underlying string theory.
iii) Mixed discrete and gauge anomalies:
is the quadratic Casimir corresponding to each given representation R (the normalization is such that the Casimir for the M-plet of SU(M) is 1 2 ). Also differing slightly from [2] .
iv) Mixed discrete and U(1) anomalies of types
Again the last two terms are in general different from the result in [2] . Note that in the case of discrete gauge symmetries this condition can only be derived once one knows the normalisation of the underlying U(1) currents i.e. in this case one must know the transformation properties of the massive as well as the massless states. For this reason one could not use this sum rule to constrain low energy models in [2] . In the present case, however, we have been able to derive the sum rules eqs. (14) and (15) for the light states only because the 4D-string construction delivers normalised U(1) currents. As such i and iv provide stronger constraints on the possible low energy theories with discrete symmetries descending from the superstring.
These relations differ from the relations of theq ′ charges by the η terms. Let us explore the possibility of getting vanishing η terms to compare further with [2] . In the case that the original E 6 (⊗E ′ 8 ) gauge symmetry is not broken by twists one derives the discrete anomaly cancellation conditions i to iv without the η terms, because of the multiplicities of the states in the SO(10) representations [1] . In the case that the original E 6 (⊗E ′ 8 ) gauge symmetry is broken by twists and embeddings (see below for details), η terms appear in general. But now the question arises, if it is possible to form linear combinations of charges such that a maximum number of η terms vanishes (like one also does for anomalous U(1) gauge symmetries in string theories and finds that at maximum always one of them is anomalous, what is associated with the breaking of the E ′ 8 [10] ). It is convenient to introduce a basis for the discrete symmetry generators in such a way that contributions for odds i vanish.
From the absence of the
Thus we have
is a generator of a discrete symmetry and eq. (16) gives the mixed Z N -G-G gravitational anomaly cancellation condition without a Majorana term, only for this common factor. The same applies for the relations i to iv. By taking appropriate combinations (k 1 + 2)q i − (k i + 2)q 1 of the set all discrete symmetries in the new basis may be obtained. For the residual discrete symmetry which may be chosen to be generated by q 1 , we are only able to prove the weaker conditions (11) to (15) .
But after all such a basis guarantees anomaly cancellation only for common factors, thus being in general insufficient. Nevertheless for the phenomenologically interesting models being relevant (see below). So far we have discussed the anomaly cancellation conditions associated with the Z N symmetries of theq charges. The Z 2 symmetry associated to thes charges is a subgroup of the gauge group.
The anomaly cancellation condition for theZ N symmetries associated with the right sector charges (cf. eq. (7)) follow from these results by using the Gepner construction of massless states. Let us first discuss the case of untwisted models. One starts with a combination of half integer charge Q tot and appropriate conformal dimension h in the right internal sector and obtains the ones in the left sector by adding (n) multiples of β 0 , and (m) multiples of β i [9] in such a way that the resulting states have again half integer Q tot and appropriate h. Here β 0 is the generator of supersymmetry and acts by adding 1 to each q i and s i component. The vector β i only acts by adding 2 to the ith s i index. Thus q
Now if we define a right analogon q ′ i of theq ′ i charge as in (4) and choose linear combi-
then q ′ andq ′ charges except for the β 0 combination differ only by multiples of the appropriateÑ . Therefore all the combinations except the Z 2 R symmetry β 0 fulfill i to iv without η terms 2 .
For the q andq charges we can not expect to be able using the same basis and indeed it is convenient to introduce the following one. One chooses orthogonal combinations of the vectors (v 1 , · · · , v r ) that contain (the q part of) β 0 :
So we get charges that commute with β 0 , except the diagonal sum. Furthermore these combinations mean that all of them are non-R discrete symmetries, except the diagonal sum of the q i which is a potential Z 2 R symmetry (if not trivial). Thus in this basis it is clear that the left and right discrete charges are the same and the anomaly cancellation conditions for the right sector are the same as for the left for the combinations commuting with β 0 . The possible Z 2 R symmetry associated to the β 0 combination of q charges or s charges 3 have to fulfill relations different from i to iv. So far only the ones except the pure discrete (ii) are available from [14] . We apply these for the ones in the Gepner model. If the Z 2 is associated to β 0 the charges q g of gravitinos and gauginos are the number of the N = 2 minimal models r. For the R symmetry associated to s charges it depends on the actual basis. We expect in analogy to [14] for Z N symmetries i')
where dimG is the dimension of the complete gauge group, q g the charge of the gaugino resp. gravitino and N = 2 in our case.
iii')
where C 2 is the second Casimir invariant being M in the case of SU(M) and again N = 2. Here one has very often vanishing η term. These sum rules are different from the ones for non-R symmetries, while iv ′ is the same as for non-R symmetries with the η terms as above. In relation to [14] we get also the additional term at the rhs.
In the case of twisted models the Gepner construction is slightly more complicated. Instead of eq. (18) we then have
where t i is the twistvector [9] and p an integer characterizing the twistsector. To commute with supersymmetry (β 0 ) it fulfills
Furthermore for the allowed states we have the additional projection
where τ i = 2t i ; δ o , δ p characterize the embeddings and α are the vectors that characterize the representation. (See e.g. [12] for the conventions.) We simply have to include t i in the above basis of charges as one of the combinations. Then the last term in eq. (23) is always trivial and all conclusions from the untwisted case apply.
For only phasetwisted models (trivial embedding), one is able to show that there are further discrete symmetries Z t associated with the twistsectors of a given model which have p as a charge (called twistnumber symmetry in the following) and that fulfill i to iv.
In the case of nontrivial embeddings δ o , δ p = 0 also the second term on the left of eq. (25) is present. The above result immediately extends -but not for the twistnumbers, where the proof is not valid anymore. Nevertheless several examples inspected by us have shown no violation of i to iv for Z t . Now we want to address the question of linear combinations of charges. q ′ i +q ′ i multiplies all charges by 2 and gives i to iv while q
charges q i +q i and q i −q i . In our basis (20) commuting with β 0 , we see immediately thatq + q just multiplies theq charges by 2 and we get the relations i to iv for N ′ = 2N symmetries. Therefore it is actually only a N symmetry. This being the reason one is allowed to introduce the Gepner charges
The combinations q −q in our basis vanish. For the Z 2 R symmetry just redefinitions take place. To be specific we consider now two phenomenologically interesting models. We start with the (0, 1, 2, 3, 4) modded (3 A , 3 A , 3 A , 3 A , 3 A ) model. Relations i to iv are fulfilled for a Z 
18 fulfills i to iv. This is further reduced to a Z 3 ⊗ Z 3 9 by the fact that all q andq charges are even. The Z 2 R symmetry generated by β 0 satisfies the relations i ′ to iv ′ trivially. Generalization to embeddings also into E ′ 8 is straightforward and one has to find a suitable basis to isolate the anomaly.
So we see that the non-R discrete symmetries generated by the q ′ andq ′ charges in Gepner models fulfill the same conditions as were necessary for the discrete anomaly cancellation in field theories to stabilize them against quantum gravity corrections. They are even stronger than those. The reason for this relations in Gepner models being the additional U(1) currents in the N = 2 minimal superconformal models. For the symmetries generated by q,q, s,s only relations i to iv apply. For R symmetries i ′ to iv ′ are valid.
Since almost every Gepner model is related to a Calabi-Yau manifold 4 , we can gain information also about them. If one moves away from this point in moduli space by giving VEV's to complex structures and radii, U(1)s and discrete symmetries are broken either on the left and right moving side to Z N 's, where the VEV's have charges qN. Because of the masses created by the VEV's, the equations i to iv have to be changed including nontrivial terms due to massive states. Thus the U(1)s and discrete symmetries are simultaneously broken and the remaining symmetries fulfill i to iv also when moving to a Calabi-Yau manifold. Then the same conclusion about the symmetries usually considered for Calabi-Yau manifolds apply as above 5 . But there are now much more couplings that may be corrected by quantum gravity. Thus the points in moduli space associated with the quantum theories seem to be favoured concerning the question for the absence of quantum gravity corrections that may make the model unrealistic. For Calabi-Yau manifolds to be a starting point of a prediction of low energy theories, it seems preferable to be similar to an underlying conformal field theory.
Let us now discuss the discrete symmetries in the case of the fermionic string [11] . The symmetries of the model are the various gauge symmetries and the discrete symmetries given by the vectors W i that characterize the boundary conditions of the fermions. They describe the transformation under σ 1 → σ 1 + 2π
where σ 1 , σ 2 are the world-sheet coordinates (like the twists in the Gepner model). So one has a discrete Z N twistnumber symmetry for each fermion under which e.g. the correlation functions have to be invariant [15] . There is a fermionic charge associated
where N i is the fermionic number operator and
for all i. In the case that there are U(1)s (possibly embedded in bigger gauge groups) these are the charges under the U(1)s. In this case one has anomaly cancellation for the gauge symmetries which implies i to iv for the discrete Z N symmetries which are contained in them (like for the left moving sector of the Gepner model). In the case of a broken E ′ 8 gauge group one has one anomalous U(1) factor, for which the corresponding Z N may also be anomalous. For the twistnumbers associated to the left movers no anomaly free U(1) symmetries that would lead to i to iv exist. Let us give the result for the SU(5) flipped model as an example [16] . The discrete symmetries of the model fulfilling i ′ to iv ′ and i to iv are: a Z 2 symmetry stemming from the anomalous U(1) and the Z 2 symmetries associated with the twist vectors S, [16] 6 . Discrete symmetries associated with the Z 4 symmetry α do not. Such a discrete anomaly does not allow for quantum gravity corrections of the couplings between the crucial matter fields, since they have zero α-twist and are thus not affected.
Futhermore we want to make a remark on the discrete symmetries of Z N orbifolds. The authors of [17] have found four selection rules that are associated to three classes of symmetries: 1. The space group S selection rule contains the point group P selection rule which is the rotation part of S. The discrete symmetry associated with it is that fields in a twistsector Θ m , m = 0, · · · , N − 1 are multiplied by a phase exp(2πim/N) similar to (26). In the case of Z N orbifolds this is a Z N symmetry. 2. The conservation of H-momenta and the invariance under independent phase rotations of orbifold coordinates. Together they form discrete R-symmetries that can e.g. be read of from the Vertex operators of the particles: a vertex operator involving exponentials exp(iβ i H i ) and powers of derivatives (∂X) a i , (∂X) b i represents a particle with charge β i + a i − b i , where i denotes the set of independent phase rotations. 3. The selection rule 4 of [17] corresponds to stringy zeroes and cannot be understood as a discrete symmetry of a field theory. Since the reasons for fulfilling i to iv seem more involved, we consider here an example. Let us just check 1 and 2 for a very prominent case: the three generation Z 3 orbifold (e.g. with gauge group SU(3) ⊗ SU(2) ⊗ U (1) 8 ⊗ SO(10) ′ [18] . In this case 1 is a Z 3 and 2 a Z 3 3 symmetry. The anomaly cancellations i to iv are fulfilled for the non-R symmetry, since every state of the massless spectrum comes in 3 copies with the same quantum numbers. The analogous constraints for R symmetries, i.e. i ′ to iv ′ , are also fulfilled for the same reason. Since the couplings of this model are mainly determined by this discrete symmetries, the discussion of the three generation Z 3 orbifold in [18] remains unaffected.
Finally we can say that we have found that relations i to iv are fulfilled for a specific basis in Gepner models without the η terms. We also verified the same for a phenomenological interesting orbifold and fermionic string model 7 . Relations i ′ to iv ′ were also found fulfilled for R symmetries in Gepner models, fermionic strings and orbifolds.
Low energy theories stemming from string theories are therefore conjectured to fulfill relations i to iv and i ′ to iv ′ . The reason for fulfilling not the stronger relations with vanishing η terms simply being the fact that it is not always possible to find the appropriate basis. For example for a Calabi-Yau manifold only the charges for fulfilling i to iv in general are known. Furthermore sucessive spontaneous breaking of symmetries below the compactification scale leads always to terms as found in [2] . Since relations i to iv contain those and being weaker they have always to be fulfilled. Finding stronger relations for discrete symmetries than in the field theory case could mean that these symmetries are remenants of the symmetries with vanishing η terms.
